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Abstract
High performance force sensors often encounter the conflicting requirements of fine sensitivity
and wide bandwidth. While there is an intrinsic tradeoff between these two metrics that cannot
be physically avoided for any force transducer, through proper optimization the product of these
two can be maximized. Similarly, the requirements of multiple sensing axes and overall
compactness are also often at odds. This paper describes a novel design, simple method of
fabrication, and thorough analysis of a high performance two-axis force sensor. We conclude
with an example application: measuring the lift and drag forces from a flapping-wing robotic
insect.
(Some figures in this article are in colour only in the electronic version)

maximize resonant frequency at the expense of sensitivity
(e.g. strain-gauge load cells [9]). Various types of silicon
micro-machined sensors with high sensitivity have been
developed for biomedical applications, measurement and
handling of microcomponents, etc. Piezoresistive force sensors
has been developed for atomic force microscopy [10]. Sun et al
developed a microforce sensor with a comb drive configuration
to characterize a flight of a fruit fly [11]. Beyeler et al
developed a microforce/torque sensor using capacitive comb
drive for magnetic microrobots [12]. Tibrewala et al developed
a miniaturized bulk micro-machined three-axes piezoresistive
force sensor [13]. Some of these silicon micro-machined
sensors are even commercially available (e.g. FemtoTools).
Micro-machined sensors are small, light-weight and have
high sensitivity and high resonant frequencies. But their
resonant frequency drops significantly once a mass that is
comparable to its equivalent mass is fixed to the input.
For meso-scale microrobots, e.g. the Harvard Microrobotic
Fly [14], the mass ranges from 10 to 150 mg, typically well
outside the sensing range for these sensors. Furthermore,
even if it were possible to fix these microrobots to such
sensors, the resonant frequency, and hence the bandwidth,
of the sensor would drop below the required resonant
frequency.
Adding more sensing degrees of freedom further
complicates the design [8, 15]. This paper describes a new
two-axis force sensor that is optimized to maximize sensitivity

1. Introduction
There are myriad applications which require force sensors
with fine sensitivity and a large bandwidth [1–4]. These two
requirements are conflicting: all solid-state force transducers
operate by converting an applied stress (force) into a material
strain (deformation). This strain is then sensed optically,
capacitively, piezoelectrically [5], or piezoresistively [6–8] and
converted to force information by a calibration procedure.
The geometry and physical properties of the transducer
then fully define the static and dynamic response, and
therefore the sensitivity and the bandwidth. Take the case
of a simple clamped-free cantilever beam: a force applied
to the distal end of the beam results in a displacement
that can be measured and converted to force by a predetermined calibration. The stiffness of the beam determines
the force–displacement relationship.
To achieve greater
sensitivity, the beam could be made more compliant,
resulting in greater deformations for a given load. To
increase the bandwidth, the beam could be made more stiff,
increasing the natural frequency of the beam3 . Hence the
paradox.
Traditional force sensors typically optimize sensitivity at
the expense of resonant frequency (e.g. precision scales), or
3 This assumes linear elasticity and therefore the quasi-static operating range
(bandwidth) is delimited by the first resonant mode.
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Figure 1. Concept drawing of the two-axis sensor. The sensor
consists of four parallel dual cantilever modules arranged in a novel
series–parallel configuration. A load in the plane of the input plate
can be measured by decoupled, orthogonal motions of the target
plates.

Figure 2. Compound beam structure projected to the x – y plane. Not
shown are the displacement targets.

2. Sensor modeling and design
and bandwidth (the product of the two can be thought of
as the sensor quality) for characterization of microrobots
and manufactured using a simple meso-scale manufacturing
paradigm. Figure 1 shows the notional design for this force
sensor.
Another metric of interest is the sensor resolution. For
a given sensitivity, the sensor resolution can be maximized
by minimizing the noise.
There can be three sources
of noise for such a system: electrical, mechanical, and
thermal. Electrical noise is minimized by the choice of the
sensor which measures the resulting displacement along with
accompanying signal conditioning. To minimize mechanical
complexity we are using non-contact displacement sensors
to measure the displacement of the target plates. Noncontact displacement sensors can be capacitive, inductive,
or optical (figure 10 shows the completed sensor with two
capacitive sensors measuring the target deflections). All
electrical connections are shielded and ground loops avoided
to reduce electrical noise. Mechanical noise (vibrations) are
minimized by placing all components of the sensor on a
vibration isolation table in a room with no air flow. Thermal
noise can arise from temperature fluctuations which would then
induce a thermal expansion in the sensor materials, leading to
erroneous measurements. The sensor structure is constructed
from the metal alloy FeNi36 (Invar), which has one of the
lowest coefficients of thermal expansion of any known metal
alloy [16].
This paper will first describe analytical and numerical
models of the static and dynamic performance of the
configuration shown in figure 1 in section 2. We will then
move on to describe the fabrication and assembly process in
section 3. Section 4 will compare the empirical results with
the analytical and numerical predictions as well as present a
demonstration of the sensor operation by measuring the forces
generated by a flapping-wing microrobot. Finally, section 5
discusses these results in the context of the state of the art in
force measurement.

The static and dynamic properties of the mechanical
structure are determined with analytical models and numerical
simulations. The analytical models use simple beam theory
and energy equivalence methods. The resulting model for
static and dynamic performance is then used to determine an
optimal geometric design. The chosen design is then verified
numerically using static and eigenfrequency simulations in
Comsol and Matlab.
2.1. Analysis of a two-axis compound cantilever
The concept in figure 1 contains four dual (parallel) cantilever
modules (two for each sensing axis). Each of the two branches
contains a series combination of two dual cantilever modules
oriented orthogonally to each other. The dual cantilever
modules are assumed to be compliant in the sensing direction
and rigid in both normal directions. For example, figure 2
shows the notional design from figure 1 projected onto the x – y
plane with a load on the input plate in the −y direction. In this
case the upper-left and bottom-right dual cantilever modules
are deflected and the upper-right and bottom-left modules are
undeformed. Since the two deformed dual cantilever modules
are identical, and because of the off-axis rigidity of the other
two dual cantilever modules, the two deformed dual cantilever
modules are in parallel. Because of this, and because of the
symmetric nature of this design (with respect to loads in the y
and z principle directions), the analysis consists of (a) bending
analysis for a single dual cantilever module and (b) parallel
combinations of the modules.
First, the relationship between the beam deflection and the
moment distribution is given by simple beam theory:

∂2 y
M(x)
=
2
∂x
EI

(1)

where the moment distribution for a clamped-guided beam is
M(x) = F(L/2 − x). It is important to note, for modeling
and questions of mechanical failure, that we are assuming
2
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linear elasticity and small strains. Integrating this twice and
considering boundary conditions yields the displacement for
any point on the beam:


F L 2 1 3
y(x) =
x − x .
(2)
EI 4
6

Table 1. Invar parameters used for analytical and numerical
simulations.
Parameter
Density, ρ
Modulus, E
Loss factor, η
Poisson’s ratio, ν
Coef. thermal expan., α

At the distal end of the beam (x = L ), the free end
displacement is:
F L3
y(L) ≡ δ =
(3)
12 E I
where δ is the distal lateral displacement as defined in figure 2.
From this we can derive the stiffness of a single clampedguided cantilever beam. The concept shown in figure 1 shows
modules of dual cantilevers mounted in an orthogonal series–
parallel configuration. The stiffness of one dual cantilever
module is equal to two clamped-guided beams in parallel, and
the complete compound structure in figure 2 is equivalent to
two parallel clamped-guided beams in parallel. Therefore, the
relation between a load at the input plate and the deflection of
the target plate is the total stiffness given by the following:

ktot =

48 E I
4 Et 3 w
=
L3
L3

(4)




=

1
2

ρ ẏ(x)2 dV = 12 ρ A

(5)

0

where y(x) is given in equation (2). Combining equations (2)
and (3) and reordering to give y(x) as a function of the free end
displacement results in the following:
 2

3x
2x 3
y(x) = δ
−
(6)
.
L2
L3

m tot δ̈ + ktot (1 + iη)δ = F0 eiωt .

 L
0

3x 2
2x 3
− 3
2
L
L

2
dx.

8100
141
0.0007
0.29
1.2

(10)

The damping term is included as the loss factor, η. The material
parameters of Invar are given in table 1. This completes the
analytical model of the sensor; given equations (4), (8)–(10),
all the relevant sensor characteristics can be derived.
Earlier, the sensor quality was defined as the product of
sensitivity and bandwidth (not dissimilar to the gain-bandwidth
product of operational amplifiers).

1
Q  ≡ f 1 × 1/ktot ∝
.
(11)
ktot m tot

Equation (6) can now be used in the energy equivalence of
equation (5):
1
1
m eq δ̇ 2 = ρ Aδ̇ 2
2
2

(kg m )
(GPa)
—
—
(10−6 K−1 )

Note that we are assuming linear elasticity and this is the first
resonant mode. The (quasi-static) bandwidth of the sensor will
be slightly less than this so that the resonant modes are not
present in measurements (the measurements will be filtered
with a low-pass filter of a cut-off frequency sufficiently below
this value). Since this analysis assumes linear dynamics, it
is simple to derive not only the resonant frequency, but the
frequency response by writing the equation of motion for the
sensor as follows:

L

ẏ(x)2 dx

Value
−3

there are other components which will add to the kinetic
energy including the connecting plate between orthogonal
dual cantilever modules (only one for each sensing axis, see
figure 2), the input plate, the target plate, and the assumed mass
of the load (i.e. the device connected to the input plate).


26
+m b +m conn. +m input plate + m target + m load
m tot = 2 m b
35
87
= m b + m conn. + m input plate + m target + m load .
(8)
35
Some of the additional mass terms are intrinsic functions of
the cantilever geometries, as will be discussed below. Finally,
since both sensing axes have identical mass and stiffness
properties, it is sufficient to estimate the first mode of a single
axis. This is simply given as follows:

1
ktot
f1 =
.
(9)
2π m tot

where t , w, and L are the thickness, width, and length of
an individual clamped-guided beam respectively (defined in
figure 2). The sensitivity of the force sensor is simply the
displacement sensor sensitivity (in V m−1 ) divided by this
stiffness. Of course, the stiffer the beam, the less sensitive the
force sensor.
To determine the bandwidth of the sensor, we calculate
the natural frequency of the beam. For this, we use an energy
method to relate the kinetic energy of the compound beam to
that of an idealized system.
1
m δ̇ 2
2 eq

Units

(7)

Solving this gives the equivalent mass of a single parallel
beam structure as a function of mass of the beam elements:
m eq = m b 26
, where m b is the combined mass of the two
35
parallel plates that make up the parallel cantilever module
(= 2ρ × length × width × thickness). For either sensing axis,
the structure in figure 1 is composed of two dual cantilever
modules in parallel, so the effective mass of connected
dual cantilever modules must be doubled. Furthermore,

Maximizing the sensor quality as a function of the material and
geometric properties will result in an optimal configuration,
however the search can be narrowed further given specific
sensing requirements.
Since the dimensionality of this
optimization problem is low, a simple brute-force search
method is used to span a reasonable space of the geometric
parameters. The constraints on the search are the desired
3
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Figure 3. Results from a brute-force optimization on the sensor
quality. The hatched area encompasses points in the geometry space
that meet the requirements for the target microrobotics application.

Figure 4. Results of the numerical analysis show negligible coupling
between the two axes. The load is applied tangentially to the distal
face and the central plates move in orthogonal directions.

Table 2. Results of geometric optimization using constraints from
the target application. Note that the mass of the connector and input
plates are a function of the width and thickness. The mass of the
target plate is a function of the capacitive sensor head size and the
material thickness; the target must have sufficient area to cover the
capacitive sensor head.
Parameter

Units

Value

Width, w
Length, L
Thickness, t
Load mass, m load
Conn. mass, m conn.
Target mass, m target
Input plate mass, m input plate

(mm)
(mm)
(μm)
(mg)
(mg)
(mg)
(mg)

7
7
150
200
60
108
186

2.2. Numerical analysis
Given the results of the optimization from the previous
discussion, a physical model is created to match the geometry
and material properties. This is imported into Comsol for static
and dynamic analysis. For static analysis, a load (equivalent to
the robotic fly’s body mass) is applied tangentially to the input
plate, and the displacements of the target plates are measured
to calculate the stiffness. This is also used to verify that the
motions of the target plates are solely in the desired directions.
An example of the resulting deformation (exaggerated) is
shown in figure 4.
Similarly, the frequency response is determined by
applying a harmonic force to the input plate and measuring the
target displacement across a range of excitation frequencies.
This is compared to the solution to equation (10) in figure 5.
Note that the results show similar first resonant peaks but the
numerical simulation shows higher modes that would not be
predicted with the linear simulation.

sensitivity and bandwidth. The target application is the
characterization of lift and drag forces for a flapping-wing
robotic insect. For this application the desired sensitivity
and bandwidth are derived from the body mass and wingbeat
frequency of the fly respectively.
For a fly mass of
approximately 100 mg, flapping at 100 Hz [14], we can
set the requirements of 1% body mass force resolution with
a bandwidth of 10× the fundamental (wingbeat) frequency.
Therefore, the load mass, m load , is estimated to be 200 mg (to
account for the body mass, as well as a conservative estimate
for the mass of the connection between the fly and the input
plate). With these minimum constraints (10 μN resolution
and 1 kHz bandwidth) and the 200 mg load mass, the model
described above can be used to choose geometric optimality
for the unknown parameters of the sensor. The sensor quality
is shown as a function of the sensor geometry in figure 3.
Those values which satisfy the design criterion are represented
by the hatched area. The chosen geometry is summarized in
table 2.

3. Fabrication
The entire sensor is fabricated from a single flat sheet by a
process of laser micro-machining and folding. The 3D design
in figure 1 is mapped onto a 2D surface consisting of cut
lines and perforated (fold) lines. These cut and fold lines are
then micro-machined using a Q -switched, pulsed Nd:YVO4
(355 nm), galvanometer-steered laser operating at 20 kHz.
Once cut, the input plate is reinforced with laminated layers
of high strength, low weight S2-glass weave reinforced epoxy
composite. Once folded, tabs are soldered together to complete
the structure. The sensor is shown flat in figure 6(a) and folded
in figure 6(b).
Finally, the sensor is mounted to a PCB such that the y
and z axes correspond to the global horizontal and vertical
4
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Figure 7. Schematic of the capacitive displacement sensor. Under
load, the gap between the target plate and the sensor head changes,
altering the capacitance between the two surfaces.

Figure 5. Frequency response as predicted from numerical and
analytical simulations. The parameters are derived from the
geometry in table 2 and material properties in table 1.

Figure 6. The sensor is constructed from the low-CTE alloy Invar.
2D sheets of Invar are laser-micro-machined to create cut lines and
perforated lines (a). Once cut, the Invar sheet is folded into the 3D
structure shown (b).

directions respectively. Two capacitive sensors, each mounted
to a 5DOF manipulator to enable precise positioning of
the displacement sensors with respect to the force sensor,
are positioned appropriately. Semiconductor strain-gauges
were also considered for displacement transduction. These
gauges typically have gauge factors between 50 and 200 [17],
compared to 2–5 of metal foil strain-gauges. However,
semiconductor strain-gauges suffer from high sensitivity
to temperature and will drift continuously, especially in
environments with high intensity illumination for high speed
videography (as with our applications). The displacement
sensors are from Physik Instrumente, model D-510.020
capacitive sensor with the E-852 single channel signal
conditioners (0.2 nm resolution, sensitivity = 1 V μm−1 ,
20 μm sensing range, and 6.6 kHz bandwidth). Figure 7
describes this setup and how an applied load alters the
measured capacitance. Since the alignment of the sensor
heads to the displacement targets is crucial, a vision camera
is included to assist with positioning the capacitive sensor
head in the required proximity of the target plates. Once the
sensor heads are aligned, the frequency response of the sensor
is determined with application of an impulse, as shown in
figure 8.

Figure 8. Frequency response (in the z -axis).

Calibration is accomplished using pre-measured discrete
weights as opposed to known forces or displacements [5].
Due to the complexity of the alignment mechanisms, it is not
possible to rotate the force sensor to calibrate the horizontal
sensing axis. Instead, a custom low friction pulley was created
using spring-loaded jewel bearings. This is shown in figure 9
along with the resulting calibration curves. Note the linearity
of the response.

4. Results
The results of the analytical, numerical, and experimental
studies are summarized in table 3. The analytical and
numerical predictions are very well correlated. Empirical
results show higher sensitivity and smaller bandwidth than
expected. The larger sensitivity can be explained by a ∼1/3
reduction in the stiffness compared to the predicted value. The
lower bandwidth is consistent with the reduced beam stiffness
coupled with a 70% increase in the expected load mass. The
5
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Figure 9. Calibration pulley for the horizontal axis (a) and calibration curves for both axes (b).

Figure 10. The sensor with a microrobotic fly connected to the input plate (a). The sensor is used to measure the lift and drag forces generated
by the flapping wings (b). This is the first time-resolved measurement of lift and drag forces from an insect-scale robot.

obtaining a pre-determined wing trajectory (similar to that
of natural insects). The forces tangential to the input plate
are measured: by the convention in figure 10, the lift is
the y -axis force and the drag is obtained by a homogeneous
transformation applied to the z -axis force (to account for the
rotation of the wing). The resulting forces are shown in
figure 10. This is the first time-resolved measurement of the
lift and drag forces from a fly-sized microrobot.

Table 3. Analytical, numerical, and experimental characteristics of
the force sensor. Bandwidth calculations are based upon an expected
200 mg load mass. Resolution predictions are based upon the
analytical and numerically derived compliances and the 0.2 nm
quoted displacement sensor resolution. Range is determined by the
beam compliances and the quoted sensor range.

−1

ktot (kN m )
Sensitivity (V N−1 )
Resolution (μN)
Bandwidth (Hz)
Range (N, p–p)

Analytical

Numerical

Experimental

38.8
25.77
7.76
1076
0.78

37.5
26.67
7.5
930
0.75

25.6
39.07
5.12
630
0.51

5. Discussion
We have demonstrated the design, analysis, and fabrication of
a novel force sensor which attempts to address the conflicting
requirements of bandwidth and sensitivity for many force
sensing applications. There are several advantages to this
design. First, it is modular; the notional geometry in figure 1
can be redesigned with a different geometry to achieve a
different force/displacement relationship. This is independent
of the displacement sensor since the displacement sensor is
non-contact. Second, the sensor itself is very robust to handling
during manufacturing. Finally, the sensor is simple to rapid
prototype and can easily be mass-produced.

extra load mass can likely be attributed to the thermoplastic
adhesive that is used to fix the device under test to the input
plate. This highlights a practical challenge for effective use
of high performance load cells: the device under test must be
securely fixed to the sensor, however this attachment should
require minimal additional structural elements or adhesives.
Finally, our robotic insect is fixed to the input plate using
a temporary adhesive. The flies wings are driven open-loop,
6
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Possible applications for this technology include robotic
manipulation for precise assembly, characterization of
biological processes, precision manufacturing, and inexpensive
multi-axis scales.
Our primary application, as shown
in figure 10, is the characterization of flapping-wing
aerodynamics for a robotic insect. This tool will now enable
us to correlate the forces generated by flapping-wing devices at
the scale of their insect counterparts with the wing trajectories
and the airfoil design. We feel this is an essential tool for the
development of more in-depth models for the mechanics and
aeromechanics of such devices. Furthermore, this application
illustrates the need for a high sensor quality due to the
demanding sensitivity and bandwidth requirements.
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